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The gravitational coupling of a long-wavelength tidal field with small-scale density fluctuations
leads to anisotropic distortions of the locally measured small-scale matter correlation function.
Since the local correlation function is known to be statistically isotropic in the absence of such tidal
interactions, the tidal distortions can be used to reconstruct the long-wavelength tidal field and large-
scale density field in analogy with the cosmic microwave background lensing reconstruction. In this
paper we present the theoretical framework of cosmic tidal reconstruction and test the reconstruction
in numerical simulations. We find that the density field on large scales can be reconstructed with
good accuracy and the cross-correlation coefficient between the reconstructed density field and the
original density field is greater than 0.9 on large scales (k . 0.1 h/Mpc), with the filter scale
∼ 1.25 Mpc/h. This is useful in the 21cm intensity mapping survey, where the long-wavelength
radial modes are lost due to a foreground subtraction process.
PACS numbers: 98.80.-k, 98.65.Dx, 95.35.+d, 98.62.Sb
I. INTRODUCTION
The large-scale structure contains a wealth of informa-
tion about our Universe. The cosmic acceleration, neu-
trino masses, early Universe models and other properties
of the Universe can be inferred with current or upcom-
ing surveys. The initially linear and Gaussian density
perturbations grow due to gravitational interaction; the
nonlinearities develop and induce the couplings between
different modes. This leads to striking non-Gaussian fea-
tures in the large-scale structure of the Universe, limit-
ing the cosmological information that can be extracted
from galaxy surveys. However, such correlations between
the different perturbation modes on different scales im-
ply that we could infer the large-scale density field by
observing small-scale density fluctuations.
The basic idea is that the evolution of small-scale
density perturbations δ(kS) is modulated by long-
wavelength perturbations ΦL, causing both isotropic and
anisotropic distortions of the local small-scale power
spectrum [1]. The isotropic distortion, which only de-
pends on the magnitude of the wave vector kS , is mainly
due to the change in the background density from the
long-wavelength density perturbation ∇2ΦL ∝ δL, where
ΦL denotes the long-wavelength gravitational poten-
tial. The anisotropic distortion, which also depends on
the direction of kS , is induced by the long-wavelength
tidal field tij = ΦL,ij − δij∇
2ΦL/3, where ΦL,ij ≡
∂2ΦL/∂x
i∂xj . Using the isotropic modulation on the
small-scale power spectrum to reconstruct the large-scale
density field has been studied in Ref. [2]. However, the
anisotropic distortions are more robust since many other
processes can lead to isotropic distortions in the local
small-scale power spectrum. By applying quadratic es-
timators, which quantify the local anisotropy of small-
scale density statistics, the long-wavelength tidal field
can be reconstructed accurately [3]. The reconstruction
of the long-wavelength tidal field from the local small-
scale power spectrum is similar to the reconstruction of
shear fields in gravitational lensing [4, 5].
In this paper, we investigate the anisotropic method in
detail. The evolution of small-scale density fluctuations
in the presence of the long-wavelength tidal field tij has
been studied extensively in Ref. [1]. The tidal distortion
of the local small-scale power spectrum is given by
P (kS , τ)|tij = P1s(kS , τ)+kˆ
i
S kˆ
j
St
(0)
ij P1s(kS , τ)f(kS , kL, τ),
(1)
where kˆ denotes the unit vector in the direction of
k, P1s(kS , τ) is the isotropic linear power spectrum,
f(kS , kL, τ) describes the coupling of the long-wavelength
tidal field to the small-scale density fluctuations and su-
perscript (0) denotes some “initial” time. The traceless
3×3 tensor tij can be decomposed into five independently
observable components
tij =

 γ1 − γz γ2 γxγ2 −γ1 − γz γy
γx γy 2γz

 , (2)
2where γ1 = (ΦL,11−ΦL,22)/2 and γ2 = ΦL,12 are the only
two tidal shear fields that do not involve i = 3 (see Sec.
III A for more details). In this paper we take the third
axis to be parallel with the line of sight (x‖ = x
3) and
the first and second axes to lie in the tangential plane
perpendicular to the line of sight [x⊥ = (x
1, x2)]. The
anisotropic distortion can also be decomposed into five
orthogonal quadrupolar distortions as in weak lensing.
While tij in principle has five independently observable
components, in this paper we shall focus on the two trans-
verse shear terms, (kˆ21 − kˆ
2
2)γ
(0)
1 P1sf and 2kˆ1kˆ2γ
(0)
2 P1sf ,
which describe quadrupolar distortions in the tangential
plane perpendicular to the line of sight. The quadrupolar
distortions containing i = 3 will be affected by peculiar
velocities and require additional treatments beyond the
scope of this paper. These two tidal shear fields γ1 and γ2
can be converted into the two-dimensional (2D) conver-
gence field, κ2D ≡ (ΦL,11 +ΦL,22)/2, using the relation
κ2D,11 + κ2D,22 = γ1,11 − γ1,22 + 2γ2,12. (3)
We can obtain the three-dimensional (3D) convergence
field κ3D ≡ ∇
2ΦL/3 from the 2D convergence by
κ3D,11 + κ3D,22 =
2
3
∇2κ2D. (4)
The large-scale density field δL is then given by the
3D convergence field through the Poisson equation.
The transverse shear fields are evaluated by applying
quadratic estimators to the density field as in weak lens-
ing. The optimal tidal shear estimators can be derived
under the Gaussian assumption.
We call this method cosmic tidal reconstruction, as
it exploits the local anisotropic features arising from
tidal interactions. Each independent measurement of the
small-scale power spectrum gives some information about
the power spectrum on large scales. Thus, instead of be-
ing limited by the non-Gaussianity on small scales, we
exploit these strong correlations to improve the measure-
ment of the large-scale structures.
Since we only use the tidal shear fields in the x⊥
plane to reconstruct the long-wavelength density field,
the changes of the long-wavelength density field δL along
the x‖ axis are inferred from the variations of tidal
shear fields γ1 and γ2 along this direction, i.e., we re-
construct these modes “indirectly.” We cannot capture
rapid changes of the density field along the x‖ axis,
i.e., those modes with large k‖. This is reflected by
the anisotropic noise of the reconstructed mode κ3D(k),
which is σ2κ3D ∝ (k
2/k2⊥)
2 (see Sec. III A for derivations).
The noise is infinite when k⊥ → 0. In this case, we ex-
pect these modes contain nothing but noise. The well-
reconstructed modes are those with small k‖ and large
k⊥. This is useful in the cross correlations of the 21cm
intensity mapping survey with other cosmic probes, such
as integrated Sachs-Wolf effect, lensing, photo-z galaxies,
optical depth, and others [6, 7]. These low k‖ modes are
normally lost in the 21cm intensity mapping data due to
foreground subtraction [8].
The local quadrupolar distortions have also been dis-
cussed in Refs. [9, 10] where the theoretical constructions
were outlined. The basic idea of purely transverse tidal
reconstruction has been studied in Ref. [3]. This paper
expands on the early work by considering the tidal re-
construction method in detail. This paper is organized
as follows. In Sec. II, we present the basic formalism.
In Sec. III, we construct the tidal shear estimators and
present the reconstruction algorithm. In Sec. IV, we
study the tidal reconstruction in N -body simulations. In
Sec. V, we examine the validity of cosmic tidal recon-
struction and discuss its future applications.
II. TIDAL DEFORMATION
We first present a heuristic and intuitive description
of the tidal interaction before going through the detail
calculations. The motion of a dark matter fluid element
in the Universe includes translation, rotation, and defor-
mation. Let us consider two neighboring points P0 at x0
and P at x = x0 + ∆x in this fluid element at time t0,
with velocities v|P0 and v|P , respectively. Here, v|P can
be expanded as
vi|P = v
i|P0 + v
i
,j |P0∆x
j , (5)
where vi,j = ∂v
i/∂xj is the velocity gradient tensor. It
can be decomposed into a symmetric part Sij = (v
i
,j +
v ,ij )/2 and an antisymmetric part A
i
j = (v
i
,j − v
,i
j )/2.
The velocity of P now becomes
vi|P = v
i|P0 + (S
i
j +A
i
j)|P0∆x
j . (6)
The tensor Aij describes the rotation of this fluid ele-
ment. The symmetric tensor Sij is called the deformation
velocity tensor in fluid mechanics, with diagonal com-
ponents describing the stretching along three axes and
off-diagonal components describing the shear motion.
In the free-falling reference system of this fluid element,
v|P0 = 0, with P0 as the origin point. Here, we focus
on the deformation, neglecting the rotation. Then, the
position of P at time t is given by
xi(t)|P = x
i +
∫ t
t0
Sij(t
′)|P0dt
′xj , (7)
where xi = ∆xi is the initial separation between P0 and
P . The shape tensor Sij =
∫ t
t0
Sij(t
′)|P0dt
′ describes the
deformation. In the local inertial frame, the dark matter
fluid element is only sensitive to the residual anisotropy
of gravitational forces, which causes the fluid element to
deform. It is the same as ocean tides on the Earth in-
duced by the tidal forces from the Moon and the Sun. We
call such effects induced by the surrounding large-scale
structure cosmic tides [3] in analogy to ocean tides on
the Earth. By observing these local anisotropies, we can
measure the large-scale tidal field and density field. In
reality, the interaction between a long-wavelength tidal
3field and small-scale density fluctuations is more compli-
cated than the displacement of particles in a fluid ele-
ment, we discuss this in more detail below.
The effect of a general long-wavelength tidal field on
the evolution of small-scale density perturbations with
kL ≪ kS has been studied in Ref. [1]. Here, we focus
on the effect of the traceless tidal field tij = ΦL,ij −
δij∇
2ΦL/3 from a long-wavelength scalar perturbation
ΦL.
In the expanding Universe, the equation of motion for
a particle is
d2x
dτ
+H(τ)
dx
dτ
= −∇xφ, (8)
where x is the comoving Eulerian coordinate, τ is the
conformal time, H(τ) = dlna/dτ is the comoving Hubble
parameter, a(τ) is the scale factor and φ is the gravita-
tional potential. In Lagrangian perturbation theory, the
dynamical variable is the Lagrangian displacement field
s(q, τ), defined as
x(q, τ) = q + s(q, τ), (9)
where q is the comoving Lagrangian coordinate. The
displacement field maps the initial particle position q into
the final Eulerian position x. The density contrast δ(x)
is given by the mass conservation relation,
δ(x(q, τ)) =
1
J(q, τ)
− 1, (10)
where J(q, τ) = det(δij +M
i
j(q, τ)) and M
i
j = ∂s
i/∂qj.
We also have ∂/∂qi = ∂/∂xi +Mji∂/∂x
j.
Now we want to study the evolution of small-scale den-
sity perturbations in the presence of the long-wavelength
tidal field, so the gravitational potential φ in Eq. (8),
which drives the motion of a particle, contains not only
the part sourced by the small-scale density fluctuations,
Φs, but also a part induced by the long-wavelength tidal
field [1],
φ(x(q, τ)) = Φs(x(q, τ)) +
1
2
tij(0, τ)x
ixj . (11)
The tidal field can be written as tij(0, τ) = T (τ)t
(0)
ij (0),
where superscript (0) denotes the tidal field evaluated
at the “initial” time τ0, T (τ) = D(τ)/a(τ) is the lin-
ear transfer function, D(τ) is the linear growth function,
and D(τ0) = a(τ0) = 1. Note that at the origin of the
free-falling frame the contribution from the tidal field is
zero. The small-scale potential Φs satisfies the Poisson
equation,
∇2Φs = 4πGa
2ρ¯δs =
3
2
Ωm(τ)H
2δs, (12)
where Ωm(τ) is the density parameter at τ .
The above equations can be solved perturbatively.
First, we decompose the displacement as
s = ss + st, (13)
where ss is the contribution arising from the small-scale
potential and st is due to the long-wavelength tidal field.
Then Mij can also be decomposed into M
i
s j = ∂s
i
s/∂q
j
and M it j = ∂s
i
t/∂q
j. Here, we only consider the linear
displacement s1s, s1t, and the quadratic term s2t from the
coupling of s1s and s1t, and neglect the terms of order
(s1s)
2, which are nonlinear interactions between small-
scale modes. In the follow calculations, we focus on the
coupling between the long mode (large-scale tidal field)
and the short mode (small-scale density field), assuming
that both large and small scale density fields follow linear
evolutions.
At linear order, Eq. (8) becomes two equations for s1s
and s1t, respectively,[
d2
dτ2
+H
d
dτ
]
si1s(q, τ) = −∂
i
qΦ1s(q, τ), (14)[
d2
dτ2
+H
d
dτ
]
si1t(q, τ) = −
1
2
∂iq[tkl(τ)q
kql], (15)
where ∂iq = δ
ij∂/∂qj, ∇2qΦ1s = 3Ωm(τ)H
2δ1s/2 and
δ1s = −s
i
1s,i. Eq. (14) can be solved to get
si1s(q, τ) = −
∂iq
∇2q
δ1s(q, τ) = −D(τ)
∂iq
∇2q
δ1s(q, τ0).(16)
The operator 1/∇2 denotes the inverse operator for ∇2.
Equation (15) describes the evolution of the displacement
induced by the long-wavelength tidal field and can be
integrated to get
si1t(q, τ) = −F (τ)t
(0)i
jq
j , (17)
where F (τ) =
∫ τ
0 dτ
′′a(τ ′′)T (τ ′′)G(τ − τ ′′) and G(τ −
τ ′′) =
∫ τ
τ ′′ dτ
′/a(τ ′). The induced linear density fluctua-
tion δ1t is given by
δ1t = −s
i
1t,i = F (τ)t
(0)i
i. (18)
The trace of the tidal field tij is zero, i.e. δ1t = 0, so
there is no first-order contribution to the density from
the tidal field.
The evolution equation for s2t involves quadratic
mixed terms from the coupling between s1s and s1t. In-
serting the Poisson equation to Eq. (8) and subtracting
the evolution equations for s1s, s1t and s2s leads to
d2
dτ2
σ2t +H
d
dτ
σ2t −
3
2
Ωm(τ)H
2σ2t
= −
3
2
Ωm(τ)H
2δ1sδ1t +
(
∂i∂j
∇2
δ1s
)
tij(τ), (19)
where σ = si,i. Note that at linear order M1t should not
be included when expanding Eq. (12), as it is induced
by the long-wavelength tidal field tij , while the coupling
between M1s and M1t should be included when expand-
ing to second order as they source the local gravitational
potential Φs. The first term on the right-hand side of Eq.
4(19) vanishes since δ1t = 0. This equation can be solved
numerically to get
σ2t(q, τ) = Dσ1(τ)
(
∂i∂j
∇2
δ1s(q, τ)
)
t
(0)
ij , (20)
where
Dσ1(τ) =
∫ τ
0
dτ ′
H(τ)D(τ ′)−H(τ ′)D(τ)
H˙(τ ′)D(τ ′)−H(τ ′)D˙(τ ′)
T (τ ′)D(τ ′)
D(τ)
.
(21)
The difference between density contrasts with and
without tij at x is
δt(x) = δ(x)− δ(x)|tij=0. (22)
Since the tidal field induces the displacement st in addi-
tion to ss, the same Lagrangian coordinate q corresponds
to different x in these two cases. In the presence of tij ,
x = q + s1s + s1t. Here δ1s solved from linear equations
gives the density at xs = q + s1s = x− s1t. Taking this
into account and using Eq. (10), one finally obtain
δt(x) = δ1t(x)− σ2t(x) + δ1t(x)δ1s(x)
+ tr(M1sM1t)|x − s
i
1t∂iδ1s(x). (23)
Inserting the first- and second-order solutions and noting
that the tidal field is traceless, we get
δt(x, τ) = t
(0)
ij
[
α(τ)
∂i∂j
∇2
+ β(τ)xi∂j
]
δ1s(x, τ), (24)
where α(τ) = −Dσ1(τ) + F (τ) and β(τ) = F (τ). The
long-wavelength tidal field tij leads to anisotropic small-
scale density fluctuations.
We have used the linear density-displacement relation
δ1s = −s
i
1s,i repeatedly to convert the linear displacement
field s1s to the small-scale density field δ1s. However,
the linear relation holds badly at low redshifts and small
scales [11]. While the logarithmic relation between the
divergence of the displacement field and the density field,
s i1s,i = −ln(1 + δ1s) + 〈ln(1 + δ1s)〉, (25)
is significantly better at low redshifts and small scales
[11]. Below we use the logarithmic variable δg = ln(1 +
δ1s) in place of δ1s in the reconstruction. This logarith-
mic transform reduces non-Gaussianities in the density
field, hence improves the reconstruction [3].
The tidal field tij with wave number kL can be taken
as constant in a small patch with scale ≪ 1/kL. Note it
is different to have a constant tidal field tij and a con-
stant gravitational field ΦL. The former corresponds to
the second spatial derivative of the latter. The local cor-
relation function in the free-falling frame is
ξ(r, τ) = 〈δ(0, τ)δ(r, τ)〉, (26)
where δ = δ1s + δt. Using Eq. (24), we obtain
ξ(r, τ) = ξ1s(r, τ)
+ t
(0)
ij
[
2α(τ)
∂i∂j
∇2
+ β(τ)ri∂j
]
ξ1s(r, τ), (27)
where ξ1s(r, τ) = 〈δ1s(0, τ)δ1s(r, τ)〉 is the isotropic lin-
ear matter correlation function. The anisotropic distor-
tion of the locally measured small-scale density correla-
tion function is induced by the long-wavelength tidal field
tij . Transforming Eq. (27) to Fourier space, we get the
local small-scale power spectrum,
P (k, τ)|tij = P1s(k, τ) + kˆ
ikˆjt
(0)
ij P1s(k, τ)f(k, τ), (28)
where P1s(k, τ) is the isotropic linear power spectrum
and
f(k, τ) = 2α(τ) − β(τ)
dlnP1s(k, τ)
dlnk
. (29)
Here, we abbreviate kS as k and suppress the argument
kL since T (τ) is scale independent.
Here, we only consider the leading-order coupling be-
tween the long-wavelength tidal field and small-scale den-
sity fluctuations. However, in reality the density field is
quite nonlinear and involves all higher-order interactions.
The estimators based on Eq. (28) would be biased when
the theoretical description does not match the real situ-
ation. We address this problem below.
III. TIDAL RECONSTRUCTION
In this section, we present the algorithm for recon-
structing the density field, then we construct the tidal
shear estimators.
A. Reconstruction algorithm
The tensor ΦL,ij has six components. Such a symmet-
ric 3×3 tensor can be decomposed into six independently
observable components [10, 12], ΦL,ij = Aaǫ
a
ij , where Aa
is the expansion coefficient and ǫaij satisfies the orthogo-
nal relation ǫaijǫ
bji ∝ δab. We decompose ΦL,ij as
ΦL,ij = κ3Dδij + tij , (30)
where κ3D = ∇
2ΦL/3 and
tij =

 γ1 − γz γ2 γxγ2 −γ1 − γz γy
γx γy 2γz

 , (31)
with γ1 = (ΦL,11 − ΦL,22)/2, γ2 = ΦL,12, γx = ΦL,13,
γy = ΦL,23, and γz = (2ΦL,33 − ΦL,11 − ΦL,22)/6. The
tensor is decomposed in a way such that when reduced
to the 2D case notations reduce to those used in grav-
itational lensing, so the third axis plays a different role
than the other two axes. For intuitive understandings of
these abstract symbols, see the figures in Ref. [10]. All
these six different components will induce different ob-
servable effects in the local quadratic statistics, includ-
ing the isotropic modulations (κ3D) and anisotropic parts
(γ1, γ2, etc). The large-scale gravitational potential ΦL
5is a single number, so it is sixfold overdetermined. Using
the isotropic modulation to reconstruct the large-scale
density field (supersample signal) has been studied in
Ref. [2]. The local halo bias discussed in Refs. [13–15] re-
cently arises from the isotropic modulation on the distri-
bution of halos. Here, we focus on the “change of shape”,
i.e., the traceless tidal field tij = ΦL,ij −∇
2ΦLδij/3.
The induced local anisotropy pattern by the long-
wavelength tidal field is proportional to tij . Using or-
thogonal components introduced above, Eq.(28) can be
written as
P (k, τ)|tij
P1s(k, τ)
− 1 = f(k, τ)[(kˆ21 − kˆ
2
2)γ
(0)
1 + 2kˆ1kˆ2γ
(0)
2 ] + · · ·
(32)
Here, we only write out the γ1 and γ2 terms explicitly.
The distortion along the line of sight is affected by pecu-
liar velocities in spectroscopic surveys, so here we shall
use γ1 and γ2, which only involve derivatives in the tan-
gential plane. In the language of weak lensing, γ1 and γ2
describe quadrupolar distortions in the tangential plane.
Peculiar velocities cause particles moving along x‖ axis,
but we expect the changes in γ1 and γ2 due to peculiar
velocities to be a second-order effect.
We can obtain the 2D convergence field κ2D = (ΦL,11−
ΦL,22)/2 from γ1 and γ2 as in gravitational lensing [16],
κ2D,11 + κ2D,22 = γ1,11− γ1,22 +2γ2,12. In Fourier space,
this can be written as
κ2D(k) =
1
k21 + k
2
2
[(k21 − k
2
2)γ1(k) + 2k1k2γ2(k)].(33)
The 2D convergence can be converted into the 3D con-
vergence field κ3D = ∇
2ΦL/3 as
κ3D(k) =
2k2
3(k21 + k
2
2)
κ2D(k) (34)
=
2k2
3(k21 + k
2
2)
2
[(k21 − k
2
2)γ1(k) + 2k1k2γ2(k)].
Now we get an estimate of the large-scale density field
by measuring γ1 and γ2. The large-scale density field
δL only differs from κ3D by a constant factor which we
address in a moment.
This reconstruction is inherently 3D instead of 2D. We
only use γ1 and γ2, so one might have thought that the
cosmic tidal reconstruction takes place in a single 2D
slice. However, although γ1 and γ2 only involve deriva-
tives in the tangential plane, the changes of γ1 and γ2
along x‖ axis encode the change of δL along x‖ axis.
Since we only use γ1 and γ2 instead of all components
in the tidal field tij for reconstruction, the variance of
the reconstructed mode κ3D(k) is anisotropic in k. The
variance of κ3D(k) is
〈κ3D(k)κ3D(k
′)〉 =
[
(k21 − k
2
2)(k
′
1
2
− k′2
2
)〈γ1(k)γ1(k
′)〉
+(2k1k2)(2k
′
1k
′
2)〈γ2(k)γ2(k
′)〉
]
×
2k2
3(k2⊥)
2
2k′
2
3(k′⊥
2)2
, (35)
where k⊥ = k
2
1 + k
2
2 . The power spectra of γ1 and γ2 are
scale independent on large scales [17], so
〈κ3D(k)κ3D(k
′)〉 ∝
[
(k21 − k
2
2)(k
′
1
2
− k′2
2
)
+(2k1k2)(2k
′
1k
′
2)
]
×
2k2
3(k2⊥)
2
2k′
2
3(k′⊥
2)2
δD(k + k′), (36)
where δD(k) is the Dirac delta function. The noise in the
reconstructed mode κ3D(k) is σ
2
κ3D ∝ (k
2/k2⊥)
2, which is
anisotropic in k⊥ and k‖. If we include the components
that include i = 3, the noise would be isotropic, but red-
shift space distortions will influence the reconstruction.
We shall investigate this in the future.
We see that when k⊥ → 0 the noise is infinite for
the corresponding κ3D(k). In this case, the estimator
in Eq.(34) diverges. As these modes contain nothing but
noise, we set these modes to zero in the reconstruction.
Since the noises are different for modes with with differ-
ent k⊥ and k‖, we need to filter the reconstructed density
field κ3D to obtain the clean density field κ.
In general, the reconstructed noisy 3D convergence
field κ3D can be written as
κ3D(k⊥, k‖) = b(k⊥, k‖)δL(k⊥, k‖) + n(k⊥, k‖), (37)
where b(k⊥, k‖) is the bias factor and n(k⊥, k‖) is the
noise in reconstruction. The bias factor and the noise
can be determined from the cross correlation of κ3D and
δ and the correlation function of κ3D,
〈κ3Dδ〉 = b〈δδ〉, 〈κ3Dκ3D〉 = b
2〈δδ〉+ 〈nn〉. (38)
We then get
b(k⊥, k‖) =
Pκ3Dδ(k⊥, k‖)
Pδ(k⊥, k‖)
, (39)
and
Pn(k⊥, k‖) = Pκ3D(k⊥, k‖)− b
2(k⊥, k‖)Pδ(k⊥, k‖).(40)
We correct the bias factor and apply the Wiener filter to
obtain the reconstructed clean field,
κ(k⊥, k‖) =
κ3D(k⊥, k‖)
b(k⊥, k‖)
W (k⊥, k‖), (41)
where
W (k⊥, k‖) =
Pδ(k⊥, k‖)
Pδ(k⊥, k‖) + Pn(k⊥, k‖)/b2(k⊥, k‖)
.(42)
The bias factor b(k) accounts two biasing effects. One
is because that the leading-order perturbation theory
does not describe the full nonlinear process [bNL(k)]. An-
other is because we use the estimators derived in the long-
wavelength limit [bγ(k)], which we discuss in a moment.
6B. Tidal shear estimators
We first construct the unbiased minimum variance
tidal shear estimators in the long-wavelength limit, where
γ1 and γ2 are constant in space, then generalize the esti-
mators to the spatial varying case. We also discuss what
happens when the long-wavelength limit does not hold.
In the long-wavelength limit and under the Gaussian
assumption, quadratic estimators can be constructed ei-
ther by using the maximum likelihood method[4] or the
inverse variance weighting [5, 18],
γˆ1 =
1
Qγ1
∫
d3k
(2π)3
|δg(k)|
2
L3
P (k)
P 2tot(k)
f(k)(kˆ21 − kˆ
2
2), (43)
γˆ2 =
1
Qγ2
∫
d3k
(2π)3
|δg(k)|
2
L3
P (k)
P 2tot(k)
f(k)(2kˆ1kˆ2), (44)
where Ptot(k) = P (k)+PN(k) is the observed power spec-
trum, including both the signal and noise, and
Qγ1 =
∫
d3k
(2π)3
P 2(k)
P 2tot(k)
f2(k)(kˆ21 − kˆ
2
2)
2, (45)
Qγ2 =
∫
d3k
(2π)3
P 2(k)
P 2tot(k)
f2(k)(2kˆ1kˆ2)
2. (46)
The factor L3 appears because we consider the density
field defined in a finite volume of side length L. After
integrating over angles in Fourier space, we have
Qγ1 = Qγ2 = Q =
∫
2k2dk
15π2
P 2(k)
P 2tot(k)
f2(k) (47)
Using Parseval’s theorem, we can rewrite the above equa-
tions in real space,
γˆ1 =
1
L3
∫
d3x
[
δw1g (x)δ
w1
g (x)− δ
w2
g (x)δ
w2
g (x)
]
, (48)
and
γˆ2 =
1
L3
∫
d3x
[
2δw1g (x)δ
w2
g (x)
]
, (49)
where δw1g (x) and δ
w2
g (x) are two filtered density fields.
In Fourier space, they are given by
δwig (k) = δg(k)wi(k), (50)
where
wi(k) =
[
P (k)f(k)
QP 2tot(k)
]1/2
ikˆi. (51)
In deriving Eqs. (48) and (49), we have assumed that
the tidal shear field is constant in space. From the ex-
pressions for γˆ1 and γˆ2, we can see the terms in square
brackets give estimates for γ1 and γ2 at the location x,
while the integral
∫
d3x/L3 averages the local value over
the whole space L3. If the fluctuation of the tidal field
tij is slow compared to the filter, we can use the localized
estimation in the square brackets as estimates for γ1, γ2
[4, 5, 18]. So the estimators
γˆ1(x) =
[
δw1g (x)δ
w1
g (x)− δ
w2
g (x)δ
w2
g (x)
]
,
γˆ2(x) =
[
2δw1g (x)δ
w2
g (x)
]
, (52)
provide the unbiased minimum variance estimates of the
spatial varying tidal shear fields in the long-wavelength
limit.
The estimators derived in Eq.(52) assume the long-
wavelength tidal shear fields vary slowly compared to
the small-scale density field. If the long-wavelength limit
is not satisfied, the tidal shear reconstruction would be
biased by a multiplicative bias factor bγ(k), which ap-
proaches to unity in the limit k → 0 and decreases when
k increases [4, 18]. The bias factor can be derived in the
case of Gaussian density perturbations [4]. It has also
been studied numerically in the cosmic microwave back-
ground lensing [18]. In the cosmic tidal reconstruction,
we mainly use the nonlinear structures around the scale
1.25 Mpc/h to reconstruct the long-wavelength tidal field
[3], so for the reconstructed large-scale density perturba-
tions with wave number kL . 0.1 h/Mpc we can ignore
this multiplicative bias.
IV. SIMULATION
In this section, we explore the cosmic tidal reconstruc-
tion process in all details using the dark matter density
fields from N -body simulations. Then, we discuss the de-
pendence on smoothing scale and the necessity of Gaus-
sianization. At last, we study the anisotropic noise in
reconstruction.
We run N -body simulations using the CUBEP3M code
[19] with 10243 dark matter particles in a box of side
length L = 1.2 Gpc/h. We have adopted the following
set of cosmological parameter values: Ωb = 0.049, Ωc =
0.259, h = 0.678, As = 2.139× 10
−9 and ns = 0.968. Six
runs with independent initial conditions were performed
to provide better statistics. In the following calculations,
we use outputs at z = 0.
A. An example of cosmic tidal reconstruction
In this subsection, we present a complete tidal recon-
struction process. We follow the simple, slightly subopti-
mal scenario in Ref. [3]. We first smooth the 3D density
field using a Gaussian window function,
δ¯(x) =
∫
d3x′S(x− x′)δ(x′), (53)
where S(r) = e−r
2/2R2 . The smoothing scale is R =
1.25Mpc/h as in Ref. [3]. In the following subsection, we
demonstrate the reconstruction result is not sensitive to
the smoothing scale unless we smooth on linear scales,
7i.e., R & 5 Mpc/h. Then, we take a logarithmic trans-
form
δg(x) = ln[1 + δ¯(x)] (54)
to Gaussianize the density field as motivated by Ref. [11].
The additive constant 〈ln(1 + δ¯(x))〉 will not affect our
reconstruction results, as we only use the derivatives of
this field.
Next, we convolve the logarithmic density field δg(x)
with the filter wi(x) in Eq. (51) and then obtain the
three-dimensional tidal shear fields γ1(x) and γ2(x) us-
ing Eq. (52). The two tidal shear fields γ1(x) and γ2(x)
directly describe the quadrupolar distortions of the den-
sity field in the tangential plane, while the variations of
the density field along the x‖ axis are inferred from the
variations of the transverse tidal shear fields in the x‖
direction.
By combining γ1(k) and γ2(k) using Eq. (34), we
obtain the 3D convergence field κ3D(k). We estimate
〈κ3Dδ〉 and 〈κ3Dκ3D〉 using the power spectra from these
six simulations. Then, from Eqs. (39) and (40) we get
the bias factor b(k⊥, k‖) and the noise power spectrum
Pn(k⊥, k‖). The clean field κ(k) is given by Eq. (41).
In Fig. 1, we show a 1.17 Mpc/h slice of the orig-
inal density field in the x − y plane in the left panel
and a slice of the reconstructed density field in the right
panel, both smoothed on 8 Mpc/h to reduce the small-
scale noise in order to make visual comparisons. In Fig.
2 we show the similar slices in the x − z plane. We find
in both cases the reconstructed density fields resemble
the original ones. However, the strong peaks in the orig-
inal density field are less prominent in the reconstructed
field. The peaks in the original density field correspond to
strongly nonlinear structures, like some very massive ha-
los. In deriving Eq.(28), we assume that the small-scale
density fluctuations undergo linear evolutions and the lo-
cal anisotropies are due to the long-wavelength tidal field.
However, the self-gravitational interaction is very strong
around these nonlinear structures, so they change little
under the weak gravitational interaction with the long-
wavelength tidal field. Equation (28) does not hold in
these regimes. The reconstruction exploits the nonlinear
coupling between the long-wavelength tidal field and the
small-scale density fluctuations but limited by the strong
nonlinear gravitational clustering on small scales during
structure formation, which leads to non-Gaussianity. In-
deed, the original density field needs to be smoothed and
Gaussianized to reduce the weighting of such contribu-
tions in order to obtain good reconstruction results.
In Fig. 3, we show the auto power spectra of the orig-
inal field δ, the reconstructed field κ and the cross power
spectrum between κ and δ. Data points in the same k-bin
are shifted slightly for clarity of display. The large errors
at k ∼ 0.005 h/Mpc are due to finite modes on the largest
scales. We see a good cross correlation between the orig-
inal and reconstructed density fields over a wide range
of wave numbers, 0.008 h/Mpc . k . 0.1 h/Mpc. The
general shape of Pκ is similar to that of Pδ. The power
spectrum for κ and the cross power spectrum between κ
and δ are nearly the same in this range because after we
apply the Wiener filter to the reconstructed noisy field
κ3D, the part correlated with δ remains in the clean field
κ. At k > 0.1Mpc/h, the auto power spectrum of κ and
the cross power spectrum drop more rapidly than the
original density field.
In Fig. 4, we plot the cross-correlation coefficient be-
tween the original density field and reconstructed density
field,
rκδ = Pκδ/
√
PδPκ. (55)
The error bars are estimated by the bootstrap resampling
method. The cross-correlation coefficient rκδ is larger
than 0.9 for 0.008 h/Mpc . k . 0.1 h/Mpc. The cross-
correlation coefficient drops rapidly at k > 0.1 Mpc/h
because the reconstruction ceases to work on small scales.
B. Dependence on smoothing scales and
Gaussianization methods
To quantify the dependence on the smoothing scale,
we perform reconstruction with three more smoothing
scales, R = 2.5, 5, and 10 Mpc/h. Figure 4 shows the
cross-correlation coefficients. The cross-correlation coef-
ficients decrease when the smoothing scales are increased.
We are using the small-scale structures to reconstruct the
large-scale density field. When we increase the smooth-
ing scale, we are losing the small-scale structures that
can be used to provide cosmological information about
the large-scale density field. However, the reconstruction
results do not degrade significantly until the smoothing
scale goes beyond 5 Mpc/h, roughly the scale on which
the structure growth transits from linear to nonlinear.
The reconstruction is not sensitive to the smoothing scale
unless we smooth on the linear scales.
The logarithmic transform plays an important role in
the cosmic tidal reconstruction. In Fig. 5, we also plot
the result for a reconstruction without the logarithmic
transform. The cross-correlation of the reconstructed
field with the original field is much weaker than the
one with the logarithmic transform and quickly drops
to nearly zero when the wave number increases. Then,
we adopt a different Gaussianization method by ranking
the original density fluctuations into a Gaussian distri-
bution [20] and perform tidal reconstruction using this
normal density field. The cross-correlation coefficient is
almost the same as that using the logarithmic transform.
Apparently, the non-Gaussianity limits the shear recon-
struction. The tidal shear estimators derived under the
Gaussian assumption are not necessarily optimal for the
non-Gaussian density field. The logarithmic transform
reduces the non-Gaussianity of the density field so that a
better result is achieved. It also fixes the displacement-
density relation significantly as shown in Ref. [11].
8FIG. 1. The left panel shows a slice of the original density field δ(x) smoothed on 8 Mpc/h in x − y plane. The right panel
shows the corresponding slice of the reconstructed density field κ(x), also smoothed on 8 Mpc/h.
FIG. 2. The left panel shows a slice of the original density field δ(x) smoothed on 8 Mpc/h in x − z plane. The right panel
shows the corresponding slice of the reconstructed density field κ(x), also smoothed on 8 Mpc/h.
C. The anisotropic noise
The noise of κ3D(k) is anisotropic as we discussed ear-
lier. We show the anisotropic noise power spectrum in
Fig. 6. The noises for modes with large k‖ and small k⊥
are orders of magnitude larger than other modes. This
result confirms the estimate of noise derived from theory,
σ2κ3D ∝ (k
2/k2⊥)
2, which diverges for small k⊥. In Fig.
7, we show the anisotropic cross-correlation coefficient
rκδ(k‖, k⊥) = Pκδ(k‖, k⊥)/
√
Pδ(k‖, k⊥)Pκ(k‖, k⊥). The
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FIG. 3. The auto and cross power spectra of the original and
reconstructed density fields.
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FIG. 4. The cross-correlation coefficients for four different
smoothing scales, R = 1.25, 2.5, 5, and 10 Mpc/h. The cross-
correlation coefficients decrease when the smoothing scales
are increased.
correlation between the original and reconstructed fields
is better at the lower right corner, which can be close to
1 for modes with small k‖, but drops quickly when k‖ in-
creases; the modes with large k‖ and small k⊥ are poorly
reconstructed.
In Fig. 8, we show the anisotropic bias factor. The
bias factor is nearly constant except for modes with very
large k‖ and very small k⊥. Here, b(k‖, k⊥) saturates at
the upper left corner. Since these modes are noisy, the
extremely large values of the bias at that corner are not
reliable. This constancy of the bias factor shows that
our reconstructed density field is a faithful representa-
tion of the original density field. It is also encouraging
for applying the reconstructed density field to do cross
correlations with other tracers for beating down cosmic
variances [21, 22].
The anisotropy in reconstruction is due to the fact we
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FIG. 5. The cross-correlation coefficients for different Gaus-
sianization methods. The solid line shows the reconstruction
with the logarithmic transform. The dotted line shows the re-
construction using the normal density field. The dashed line
shows the reconstruction without the logarithmic transform.
The cross-correlation coefficients for the reconstruction with
the logarithmic transform and the normal density field are
almost the same.
FIG. 6. The anisotropic noise power spectrum Pn(k‖, k⊥).
The noises for modes with large k‖ and small k⊥ are orders
of magnitude larger than other modes.
only use tidal shear fields in the tangential plane. The
changes of the long-wavelength density field δL along the
line of sight are inferred indirectly from the variations
of tidal shear fields γ1(x) and γ2(x) along x‖ axis, so
we cannot capture the rapid changes of the density field
along x‖ axis. By including tidal shear fields containing
derivatives with respect to x‖ axis, the reconstruction
will be improved. However, redshift space distortions
will inevitably affect the reconstruction result. We leave
the detailed study of this to a future paper.
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FIG. 7. The cross-correlation coefficient rκδ(k‖, k⊥). The
cross-correlation is better at the lower right corner, which
can be close to 1 for modes with small k‖, but drops quickly
when k‖ increases; the modes with large k‖ and small k⊥ are
poorly reconstructed.
V. DISCUSSIONS
In this paper, we show how the long-wavelength tidal
field tij can be reconstructed from the local small-scale
power spectrum. To reconstruct tij from the anisotropic
small-scale density perturbations, we need to learn the
interaction process clearly. In this paper, we follow the
treatments in Ref. [1], only considering the coupling be-
tween s1s and s1t, which is the leading-order effect from
tij . However, unlike weak lensing, where the interaction
is weak so that the linearized calculation is good enough
for most cases, the tidal interaction is inherently a nonlin-
ear process. Higher-order terms of form (s1s)
n
s1t (n > 1)
also play important roles in the tidal interaction, as the
nonlinearities on small scales are quite strong. The pro-
portional coefficient in Eq. (29) will change if we include
terms like (s1s)
n
s1t (n > 1). The tidal shear estimators
we used in this paper are biased since we do not know
the tidal interaction process accurately. However, even
if we include some higher-order terms, the constructed
estimators might still be biased, as this still does not
describe the full nonlinear process. In this paper, we
assume that the nonlinearities only change the propor-
tional coefficient f(k, τ). The tidal distortion of the local
power spectrum is still proportional to kˆikˆjt
(0)
ij , and the
proportional coefficient does not vary significantly over
different wave numbers. Then, we can absorb the un-
known coefficient into the bias factor introduced in Eq.
(37). The bias factor can be solved from N -body sim-
ulations. The proportional constant from the Poisson
equation and the normalization constant Q in the tidal
shear estimators can also be absorbed in this bias factor.
The integral for Q in Eq.(47) would diverge at large k
FIG. 8. The bias factor b(k‖, k⊥). The bias factor is almost
scale independent in this plane. b(k‖, k⊥) saturates at the
upper left corner. Since these modes are noisy, the extremely
large values of the bias at that corner are not reliable.
if there were no noise in the power spectrum P (k), i.e.,
P (k) = Ptot(k). This happens when we use the dark mat-
ter density field from high precision N -body simulations
to reconstruct the large-scale density field. The bias fac-
tor solves this problem. The result can be improved in
the future by including the higher-order perturbations.
Nevertheless, the reconstruction works well even at this
leading order, with the cross-correlation coefficient larger
than 0.9 until k & 0.1Mpc/h. The reconstruction should
work even better at higher redshifts since Eq. (28) holds
better when the small-scale density fluctuations undergo
less nonlinear evolutions.
The γˆ1 and γˆ2 estimators are optimal under the Gaus-
sian assumption, while this is not the real case. The non-
Gaussian density field is treated as a Gaussian random
field throughout the reconstruction. So we need to Gaus-
sianize the non-Gaussian density field or the correlation
would be rather weak. It would be worthwhile to inves-
tigate the optimal estimators for non-Gaussian sources,
which can be constructed from N -body simulations.
There is still one more limitation in the reconstruc-
tion. The γˆ1 and γˆ2 estimators are unbiased and of min-
imum variance in the long-wavelength limit, providing
optimal tidal shear reconstructions. However, at larger
wave numbers, the tidal shear field would be underes-
timated by a scale-dependent multiplicative bias factor
which needs to be corrected [4, 18]. In this paper, we
find the estimator derived in the long-wavelength limit
still works well if we only use the reconstruction modes
with scale larger than the smoothing scale. However,
when there is an overlap between these two scales, the
reconstruction result would degrade. A more sophisti-
cated method is needed in that case.
In this paper, we use the dark matter density field
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directly to reconstruct the large-scale density field. How-
ever, the actual tracers would be galaxies, which are lo-
cated inside dark matter halos which are in turn dis-
tributed in the underlying dark matter density field. Due
to the discreteness of the galaxy (halo) field, the tidal
reconstruction may not be as good as that of the dark
matter field. The scale-dependent galaxy (halo) bias may
also complicate the reconstruction procedure. Further,
the reconstruction will be affected by the tidal galaxy
(halo) bias. These effects can be quantified using the
halo density fields from N -body simulations. We plan to
study these in the future.
The reconstruction method developed in this paper has
great potential applications. The reconstructed field κ
gives the distribution of dark matter on large scales. By
cross correlating with the original galaxy (halo) field, we
can measure the logarithmic growth rate without sample
variance [22]. This can potentially provide high preci-
sion measurements of neutrino masses and tests of grav-
ity. The reconstructed field κ is also important for mea-
suring the dark matter-neutrino cross-correlation dipole
[23]. Moreover, it is also important in the case where
the measurement of long-wavelength modes is missing or
has large noise. In the 21cm intensity mapping survey
[24], modes with small radial wave numbers are seriously
contaminated by foreground radiation and are often sub-
tracted in data analysis. This makes it difficult or even
impossible to do cross correlations with surveys which
only probe the long-wavelength radial modes, including
weak lensing, photo-z galaxies, integrated Sachs-Wolf ef-
fect and kinetic Sunyaev-Zel’dovich effect. Since cosmic
tidal reconstruction can recover the long-wavelength ra-
dial modes, it enables the cross correlations of the 21cm
intensity survey with other cosmic probes. For 21cm in-
tensity mapping experiments such as Tianlai [25, 26] and
CHIME [27], the cosmic tidal reconstruction method can
be very useful.
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